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Abstract. Let K and K' be 2-knots. Suppose that K and K' are ribbon- 
move equivalent. Then there is an isomorphism ToriJi {Xk ; Z) ^ Tori/i [Xk' \ Z) 
as Z[i, t~^]-modules. Furthermore the Farber-Levine pairing for K is equivalent 
to that of K'. 

Let K he a, 2-knot which is ribbon-move equivalent to the trivial knot. Then 
the Atiyah-Patodi-Singer-Casson-Gordon-Ruberman Q/Z-valued 77- invariants 
f]{K, ) for Zd is zero, (d e N and d>2). 

1 Ribbon-moves of 2-knots 

In this paper we discuss ribbon-moves of 2-knots. In this section we review the 
definition of ribbon-moves. 

An (oriented) 2- (dimensional) knot is a smooth, oriented submanifold K of 
S'^ which is diffeomorphic to the 2-sphere. We say that 2-knots Ki and K2 are 
equivalent if there exists an orientation preserving diffeomorphism f : S'^ S'^ 
such that f{Ki)=K2 and that f\Ki ■ Ki — > K2 is an orientation preserving 
diffeomorphism. Let id : S'^ ^ S'^ be the identity. We say that 2-knots Ki 
and K2 are identical if id{Ki)—K2 and that id\K-^ ■ Ki —>■ K2 is an orientation 
preserving diffeomorphism. 

Definition 1.1. Let Ki and K2 be 2-knots in S"'. We say that K2 is obtained 
from Ki by one ribbon-move if there is a 4-ball B of with the following 
properties. 

(1) Ki-{Br\ Ki) ^K2-{Br\ K2). 

This diffeomorphism map is orientation preserving. 

(2) B n Ki is drawn as in Figure 1.1. B n K2 is drawn as in Figure 1.2. 
We regard B as (a close 2-disc)x[0, 1] y. {t\ - I < t < 1}. We put Bt =(a 

close 2-disc) X [0, 1] x {t}. Then B = UBt- In Figure 1.1 and 1.2, we draw 
B-o.5,B(), B0.5 C B. 

We draw Ki and K2 by the bold line. The fine line denotes d{Bt). 

BnKi (resp. B D K2) is diffeomorphic to D"^ E [S^ x [0, 1]). 
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B n Ki has the foUowing properties: Bt fl Ki is empty for —l<t<0 and 
0.5 < i < 1. Bo n Ki is diffeomorphic to U {S^ x [0, 0.3]) U {S^ x [0.7, 1]). 
Bo.5^Ki is diffeomorphic to (5^ x [0.3,0.7]). BtHKi is diffeomorphic to S^WS^ 
for < t < 0.5. 

i? n K2 has the foUowing properties: Bt n i4r2 is empty for — 1 < i < —0.5 
and < t < 1. Bo n K2 is diffeomorphic to u (51 x [0, 0.3]) E (S*! x [0.7, 1]). 
-B_o 5 n i4r2 is diffeomorphic to (S*^ x [0.3,0.7]). Bt n is diffeomorphic to 
5'! n for -0.5 < t < 0. 

We do not assume which the orientation of i? n Ki (resp. B n K2 ) is. 
Figure 1.1. 
Figure 1.2. 

Suppose that K2 is obtained from Ki by one ribbon-move and that K2 
is equivalent to i^2- Then we also say that K2 is obtained from Ki by one 
ribhon-move. 

If i^i is obtained from K2 by one ribbon-move, then we also say that K2 is 
obtained from Ki by one ribhon-move. 

Definition 1.2. 2-knots Ki_ and K2 are_said to be ribhon-move equivalent \i 
there are 2-knots Ki = Ki,K2, ...,Kp-i, Kp = K2 (p G N,p > 2) such that Ki 
is obtained from Ki^i {I < i < p) hy one ribbon- move. 

In this paper we discuss the following problems. 
Problem 1.3. Let Ki and K2 be 2-knots. Consider a necessary (resp. 
sufficient, necessary and sufficient ) condition that Ki and K2 are ribbon- move 
equivalent. 

In [|l^the author proved: 

Theorem 1.4. (|l|]) 

(1) If 2-knots K and K' are ribhon-move equivalent, then 

(2) Let Ki and K2 be 2-knots in 5^. Suppose that Ki are ribbon-move equiv- 
alent to K2 . Let Wi be arbitrary Seifert hypersurfaces for Ki . Then the torsion 
part of {Hi{Wi) (B Hi{W2)} is congruent to G®G for a finite abelian group G. 

(3) Not all 2-knots are ribhon-move equivalent to the trivial 2-knot. 

(4) The inverse of (1) is not true. The inverse of (2) is not true. 

2 Main results 

Theorem 2.1. Let K and K' be 2-knots. Suppose that K and K' are ribhon- 
move equivalent. Then we have: 

(1) There is an isomorphism Tor_ffi(Xx;Z) = Tor_ffi(Xx'; Z) as Z[i,t^^]- 
modules. ^ 

(2) The Farber-Levine pairing on Tori7i(Xx;Z) is equivalent to that on 

TotHi{Xk';Z). 

Theorem 2.2. Let K he a 2-knot. Suppose that K is ribhon-move equivalent 
to the trivial knot. Then fj{K, ) for Zd is zero, ("d G N and d>2). 

Note. We review the Alexander module in §3. We review the Farber-Levine 
pairing in §4. We review the Atiyah-Patodi-Singer-Casson-Gordon-Ruberman 
Q/Z- valued ?7-invariants of 2-knots in §5. 

3 The Alexander module 

Sec @[gfor detail. 
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Let K he a, 2-knot C S'^. Let N{K) be the tubular neighborhood of K in 
S'*. Let a : 7ri(S'4 - N{K)) Hi{S^ - N{Ky,Z) be the abehanization. Note 
that any nonzero cycle x G Hi{S^ — N{K);Z) is oriented naturally by using 
the orientation of K and that of S"*. We define the canonical isomorphism 
P : Hi{S'^ - N{K); Z) ^ Z by using these orientations of x. Let X"^ be the 
covering space associated with (3 o a : ■ki{S^ — N{K)) Z. We call the 
canonical infinite cyclic covering space of the complement — N(K) of K. 
Then Hi{X'^; Z) is regarded as a Z[t, i^^]-module by using the covering trans- 
lations X'^ X"^. This Z[i,<-i]-module Hi{X'^;Z) is called the Alexander 
module. 

4 lk( , ) for 2-knots 

See gHHllfor detail. 

Firstly we review of lk( , ) for closed oriented 3-manifolds. Let M be 
a closed oriented 3-manifold. Let x^y GTori/i(Af; Z). Let n (resp. m) be a 
natural number. Let n (resp. to) be the order of x (resp. y). Let X (resp. Y) 
be a circle embedded in M such that [X] — x (resp. \Y] = y). Let X {^Y = (p. 
Then there is an immersion map / : F — > M such that 

(1) F is an oriented compact surface and dF is one circle. 

(2) f{lntF) is an embedding. 

(3) fidF) = X and deg(/|aF)=n. 

(4) filntF) is transverse to Y . 

Let f{F) n y = Pi n ... n P„. (Note Pi is a point.) We give Pi a signature 
Ei by using the orientation of f{F), that of Y, and that of M. 
Define lk(x,y) = ^^f^^e^ £ Q/Z. 

Proposition. lk(y,x)—lk(x,y) . 

There is an immersion map g : G — > M such that 

(1) G is an oriented compact surface and dG is one circle. 

(2) g{lntG) is an embedding. 

(3) f{dG) = Y and degig\oG)^m. 

(4) filntG) is transverse to X. 

(5) IntF is transverse to IntG. 

Let g{G) n X = Qi U ... U Qp. (Note Qj is a point. ) We give Qj a 
signature CTj by using the orientation of g{G), that of X, and that of M. Let 
filntF) n g{lntG) = i?i U ... H i?^. (Note is a compact open 1-manifold. ) 
We give Rk a signature Tk by using the orientation of g{G), that of f{F), and 
that of M. Then we have: 

\k{y,x) = ijSf^^a, = ^^-Un = lEt^e, =lk(x,y). 

Secondly we review lk( , ) for 2-knots. Let K he a, 2-knot. Let X'^ he 
the canonical infinite cyclic covering space of the complement — N{K) of K. 
Let x,y e TotHi{X^; Z). We define lk{x, y). 

Let p he the natural projection map X"^ X. Let y be a Seifert hypersur- 
face for K. Let be one connected component of p^^(y) — ]I°^^Vi. The natu- 
ral inclusion map — > X^ induces the homomorphism t : Hi{V^) Hi{X^). 

Theorem 7.3 of |01and its proof essentially say that l : Tori/i(V{) — > TotHi{X^) 
is onto. 

Let be the closed oriented 3-manifold which is obtained from by at- 
taching a 3-dimensional 3-handle along . The natural inclusion map — > 
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induces 7 : Hi{V^;Z) ^ Hi{V^; Z). Then the map (107-1) : TotHi{V^; Z) ^ 
Tori?i(X^;Z) is onto. Let {l o j-^){x') = x and {l o j-^){y') = y. Define 
\k{x,y) for the 2-knot K to be \k{x',y') for the 3-manifold 1^. Theorem 7.3 of 
and its proof essentially say that lk{x, y) for the 2-knot K is independent of 
the choice of V. 



5 ?7( , ) of 2-knots 

See ?j{ , ) for I I 0for detail. 

We firstly define ri{ , ) of closed oriented 3-manifolds. (See P.571 of ||l5|] .) 

Let A be an oriented compact 4-manifold. For d an integer, set u = e~3~, 
and suppose (jj : A K(Zid, 1) is a continuous map. Then corresponds to a 
class (p e H^{A;Zd)= Hom(_ffi(A; Z); Zd) and induces a cyclic cover A A 
with a specific choice T : A A oi a, generator of the covering translations. Let 
H2{A, (j>)= w-eigenspace of acting on H2{A; C). The intersection form on A 
induces a Hermitian pairing on i72(^; C); < x® a,y ® (i >={x ■ y) ® ap. Define 
a{A, (/))=the signature of <, > restricted to H^iA, cf)). 

Let M be an oriented closed 3-manifold. Let ip G H^{AI;Zd) be a homo- 
morphism. By bordism theory, n • (M, 7/;) = d{W, 0) for a compact oriented 
4-manifold W. (See e.g. § ) Define ?7(M, V) = ^^(W^) - <j{W)). 

Secondly we define rj( , ) of 2-knots. (See [|5|||T^) Let X be a 2-knot. 
Take V, 14, i : H,iV^; Z) ^ Hi{X^; Z), V^, 7 : iJiCl/^; Z) 5^ iJiCl/^; Z) as 

in §4. Let be a homomorphism Hi{X'^; Z) ^ Zk. 
Then we have 

Hi{V^; Z) 2^ Z) A Z) A Zk 

Then we have o l o (7-I) : Hi{V^; Z) ^ Zw. Take rj{V^, volo (7-I)) e Q. 
Let TT be the natural projection Q — > Q/Z. [|l5| says that 
7r(r7(V5, i^o/,o(7~i))) is independent of the choice of T^. We define if , i^) G Q/Z 
to be 7r(n(V> o i o (7-I))). 

Note. Q 3|]l^ Q etc. also apply the G-signature theorem and the 77-invariants 
to n-knots [n = 1, 2, 3, ...). 

6 Proof of main results 



Let X he — N{K). Let F be a Seifert hypersurface for K. Suppose V also 
denote V - N{K). LetY = X-V. Let F x [-1, 1] be the tubular neighborhood 
of V in X. Suppose Y also denote X - (V x [—1, 1]). 

Let X'^ be the canonical infinite cyclic covering space. There is the natural 
projection map p : X^ ^ X. Let p-^{Y) = n°°^Y,. Let p-^V) = W^^Vi. 
Let p~\V X [-1, 1]) = U^^iV, X [-1, 1]). Let OY^ = (y,_i x {1})U{V, x {-1}). 
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There is the Meyer- Vietoris exact sequences of Z-homology groups: 

H,{Vx{-l,l}-7.) 

H,{V x[-l,l];Z)®H,{Y;Z) 
H,{X;Z) 

and 

{®T=-MV, X hl,l];Z))©(®-_^ff,(r,;Z)) 
Hi{X^; Z) 

Furthermore the second one is regarded as an exact sequence of Z[t,t^^]- 
modules by using the covering tranlations. 
Claim 6.1. There is an exact sequence of Z[t,t''^]-modules: 

ffi°^-ooToriJi(F, X {-1,1}; Z) 
(©-_^Tori?i(F, X [-l,l];Z))©(©-_^ToriJi(r,;Z)) 

ToriJi(X^;Z) 

I 


where^°' = 7ile~ -„oTor//i(y, x{-i4};Z) 

and = gllo^ _^Tor_ffi(V, x[-14];Z))©(®~ _^Torffi(Yj;Z))- 

Note. P. 765 of H says that @ proved |ToriJi(X^; Z)| < oo. 

Proof. By using tlie covering translations, we regard ©°^_j^ToriJi (V, x { — 1, 1}; Z), 

(©=t-ooTori?i(F, X [-1, 1]; Z)) © (©~ _^TorFi(Fj; Z))^, and Tori?i(X-; Z) as 

Z[t, i^^J-modules. Furthermore we regard /*°'' and 3*°'' as homomorphisms of 
Z[t, t~^]-modules. 

Take V^, 6 as in §4. Theorem 7.3 of and its proof essentiaUy say that 

L : TovHiiV^) ^ ToriJi(X^) is onto. Note 9^'\to,h^{v,x[-i,i]) = Hence 
is onto. Therefore 

(©,^_^Torffi(V,- X [-1, 1]; Z)) © (©- _^ToriJi(r,; Z)) 
ToriJi(X^;Z) 
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is exact. 

Let X G {®f=_^T:ovHi{Vj x [-1, 1]; Z)) ® (®°^_^Tori7i(Y,-; Z)) such that 

g^'^ix) = 0. Then there is y e ffi=^_^ToriJi(V,- x {-1, 1}; Z) such that fi{y) = 

X. Let n be the order of x. Then fi{n ■ y) = n ■ x = 0. We prove that 
y e ®jl_^ToiHi{Vj X {-1, 1}; Z) in the following paragraphs. 

There is the Meyer- Vietoris exact sequences of Q-homology groups: 

(1) 

Hi{V X {-1,1}; Q) 

if? 

Hi{Vx[-l,l];Q)®Hi{Y;Q) 

Q 



and 
(2) 

{(BT=-MVj X [-l,l];Qj)(B{(BT=-MYj;Q)) 

By using Hi{X] Q) = Hi{S^; Q) and the sequence (1), 

-.HiiVx {-l,l};Q)^i?i(y X [-l,l];Q)©i/i(y;Q) is isomorphism. 

Lot TTv ■■ Hi{Vx[-l, l];Q)ffii7i(y;Q) Hi{V x [-1, 1];Q) bo the natural 
projection. Let Try : Hi{V x [-1, 1]; Q)®Hi{Y; Q) HilV; Q) be the natural 
projection. Suppose that the identity matrix E represents 

7rvo{f?\H,(Vx{i},Q)} ■■ H,{Vx{l};Q)^Hi{Vx[-l,l];Q), 

the identity matrix E represents 

o {/?|H,(yx{-i};Q)} : H^{V x {-1}; Q) ^ H^{V x [-1, 1]; Q), 

a matrix A represents 

o {/?|ff,(yx{i};Q)} : H^{V X {1}; Q) ^ Q), and 

a matrix B represents 

o {./?|ff,(yx{-i};Q)} ■■H.iVx {-1}; Q) ^ Q). 

Then/{2 : Hi{V x{-l,l};Q) -> Hi{V x[- 1,1]; q,)®Hi{Y; q,) is represented 

by 

E A 
E B 

Since Hi{X; Q) ^ i?,(S'i; Q), detP ^ 0. 

We regard (l^- x { - 1 , 1 } ; Q) , ©~ (1^, x [- 1 , 1] ; Q) , and ®f^_^Hi {Y^ ; Q) 

as Q[f, t~^]-modules by using the covering translations. Then is represented 
by 
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Pit) 



E t- A 
E B 



Note P(l) = P. Then detP(l) =detP ^ 0. Hence detP(t) ^ 0. Hence 
is injective. Hence we have: 

if an element z e ®f=^ooHi{Vj x {-1, 1}; Z) 

generates Z C ©|^-oo'H^i(^" 1}; Z), /i(z) ^ 0. Hence we have: 

ifj/G©°l-oo^^i(V^. x{-l,l};Z) 

generates Z C ©°^_^i/i(y,- x {-1, 1}; Z), /i(n • y) 7^ 0. Therefore 
y G ©|^_ooTori7i(V, X {-1, 1}; Z). Therefore 

©~_^Tor{i7i(y, x{-l,l};Z)} 
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,^,^_^Tor{i7i(l/, X [-1, 1]; Z)}) © {®%^^Tot{H,{Y,-Z)}) 

Tor{Hi(X^;Z)} 
is exact. This completes the proof of Claim 6.1. 

In order to prove our main theorems, we use the (l,2)-pass-moves for 2-knots. 
See [13] for the (l,2)-pass-moves for 2-knots for detail. 

Definition 6.2. Let Ki and K2 be 2-knots in S^. We say that K2 is obtained 
from Ki by one (l,2)-pass-move if there is a 4-ball B <Z with the following 
properties. We draw B as in Definition 1.1. 

(1) Ki-{Bn Ki)=K2 - (P n K2). 

This diffeomorphism map is orientation preserving. 

(2) B O Ki is drawn as in Figure 6.1. B D K2 is drawn as in Figure 6.2. 

Figure 6.1. 
Figure 6.2. 

The orientation of the two discs in the Figure 6.1 (resp. Figure 6.2) is 
compatible with the orientation which is determined naturally by the (x, y)- 
arrows in the Figure. We do not assume which the orientations of the annuli in 
the Figures are. 

Suppose that K2 is obtained from Ki by one (l,2)-pass-move and that A'2 
is equivalent to K2. Then we also say that K2 is obtained from Ki by one 
(l,2)-pass-m,ove . 

If Ki is obtained from K2 by one (l,2)-pass-move, then we also say that K2 
is obtained from Ki by one (1,2) -pass-move . 

2-knots Ki and K2 are said to be (1,2) -pass-move equivalent if there are 2- 
knots Ki = Ki, K2, Kp-i,Kp = K2 (p G N,p > 2) such that Ki is obtained 
from Ki^i (1 < i < p) by one (l,2)-pass-move. 

In ||l^ we proved: 

Theorem 6.3 ([^) Let K and K' be 2-knots. The following conditions (1) 
and (2) are equivalent. 

(1) K is (l,2)-pass-move equivalent to K' . 

(2) K is ribbon-move equivalent to K' . 

Let and be 2-knots. Suppose is ribbon-move equivalent to K^. 
By Theorem 6.3, is (1,2) -pass-move equivalent to Ky. 

In order to prove Theorem 2.1 it suffices to prove Theorem 2.1 when is 
obtained from Ky by one (l,2)-pass-move in a 4-ball B C S"*. 
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Claim. There are Seifert hypersurfaces V> for and V< for such that: 

(1) v^-{Bnv>) = v<-{Bnv^). 

This dijjeomorphism map is orientation preserving. 

(2) B n Vy is drawn as in Figure 6.3. B C\ y< is drawn as in Figure 6.4. 

Note. We draw B as in Definition 1.1. We draw Vy and V< by tlie bold line. 
The fine line means dB. 

BnV> (resp. B n V<) is difFeomorphic to {D^ x [2, 3]) U {D^ x [0, 1]). We 
can regard (Z?^ x [0, 1]) as a 3-dimensional 1-handle which is attached to dB. 
We can regard (D^ x [2,3]) as a 3-dimensional 2-handle which is attached to 
dB. 

B nVy has the following properties: Bt fl V"> is empty for — 1 < t < and 
0.5 < t < 1. Bo n y> is difleomorphic to {D^ x [2, 3]) U {D^ x [0, 0.3]) U {D^ x 
[0.7,1]). Bo.^nKi is difleomorphic to {D'^ x [0.3,0.7]). Bf DVy is diffeomorphic 
to D^UD^forO<t< 0.5. 

i?ny< has the following properties: . BtnV<^ is empty for —l<t< —0.5 and 
< t < 1. BonV< is diffeomorphic to (D^ ^ [2, 3]U(i:»2 x [0, 0.3])n(i:)2 x [0.7, 1]). 
B_o.5 n V< is diffeomorphic to {D'^ x [0.3,0.7]). Bt n y< is diffeomorphic to 

n for -0.5 < t < 0. 

Figure 6.3. 
Figure 6.4. 

Proof of Claim. Put P = (the 3-manifolds in Figure 6.3) n (dB). Note 
P = (the 3-manifolds in Figure 6.4) n (dB). Put Q ^ Kyn{S*- IntB*). Note 
Q = if< n (S*^ — IntB^). By applying the following Proposition to [P U Q) and 
(5^ - IntB^) the above Claim holds. 

By using the obstruction theory, we have the following proposition. ( We can 
prove it by applying §111 of ||l7|] . We can also prove it by generalizing Theorem 
2,3 in P.49,50 of ||]. ) The author gives a proof in the Appendix. 

Proposition. Let X he an oriented compact (m + 2) -dimensional manifold. 
Let dX ^ (j). Let M he an oriented closed m- dimensional manifold which is 
emhedded in X. Let M DdX (p. Let [M] = G Hm{X; Z). Then there is an 
oriented compact (m + 1)- dimensional manifold P such that P is emhedded in 
X and that dP = X. 

Let be a compact 3-manifold embedded in S'^ whose boundary is S"^ 11 S"^ 
with the following properties. 

(1) v^~{Br\ v^) = v> - (B n v>) = y< - (s n v<). 

(2) BnV^C Bq. We draw B n as in Figure 6.5. 

Figure 6.5. 

Let N{dV^) be the tubular neighborhood of in 5^. Let X = - N{dV^). 
Let also denote X. Let x [—1,1] be the tubular neighborhood of 

Fx in X. Let Y-^=X - {V^ x [-1,1]). 

Suppose the following maps are inclusion. ( e = — 1, 1. ) The following two 
diagrams are commutative. 

V< X {e} < — V^x {e} 
I I 

X {e} 
i 



V> X {e} 
Y> 
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By the definition of V^, Hi{X;Z) = Z © Z. Let / : ttiX ^ Z be an 
epimorphism. Then / induces a smooth map f : X ^ S^. Let q € he a, 
regular value of /. Suppose f~^{q) = V^- Take the covering space X of X 
associated with /. Let f : X ^ X he the projection map. Put Uj^_^V^j = 
J-\V^). Put n-_^y^,, = rHY^). Let U-_^(yx,, X [-1,1]) = /-i(vc X 

[-1, 1]). Suppose ay^j = {y^.j-i X {1}) u (i^x.i X {-1}). 

Take V^> ,j, ^<j , j i'^ Suppose the following maps are inclu- 

sion. By the above commutative diagrams, the following diagrams are commu- 
tative. 

i i 

By the definition of y>, y<, and V^x, it holds that y> (resp. F<) is obtained 
from Vx by attaching one 1-liandle. By the definition of Y>, y<, and Fx, it 
holds that is obtained from y> (resp. y< ) by attaching one 3-handle. Hence 
the above commutative diagrams induce the following commutative diagram 

(£ = -1,1). 

Tori?i(y<j X {e};Z) '^i^ Tori?i(Fxj x {e}; Z) Toriri(y>,j x {e}; Z) 

\ot<,j \ot~,j \a>,j 

Torifi(y<,,;Z) ToiHi{Y^j;Z) TotHi{Y>j;Z) 



The above commutative diagram induces the following commutative diagram 
of Z-homology groups: 

e~ooTor//i(V<,j X { -1, 1}) '^<Al~ e~ooTorffi(yx,j X { -1, 1}) ©~„„TorHi(y>,j X { -1, 1}) 

|/< J^/x |/> 

r e~^Tori/i(y<,, X [-1,1]) 1 . ^ r e~„„Torffi(y^,, X [-1,1]) 1 . ^ r e~<»Tor//i(y>,, x [-1,1]) 



„Tor/fi(Y-<,,) 



1 •y<,,,^ J e~„„Torffi(y^,, X [-1,1]) I ^^ ^.^ r e~<»Tor//i(y>,, X [-1,1]) I 

J 1 e~<,„TorHi(Yx,,) J \ ©~ooTorHi(Y>,,) J 



By using the covering tlanslations, the above commutative diagram is re- 
garded as that of Z[t, f~^]-modules. By Claim 6.3, we have exact sequences of 
Z[t, i~^]-modules. 



■^ — oo 



TovH,{V^j X { -1, 1}) ®^^TorH,{V>j x { -1, 1}) 

TorH.iV^j X [-1, 1]) \ / TotH,{V>j x [-1, 1]) 

© and ©!°^ © 

Torffi(y<,,) / \ Tori?i(y>,,) 

Torifi(X~J Torifi(X~J 

i i 



Therefore we have the following commutative diagram of Z[t, i~^]-modules. 
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\00 



TotH,{V<j X { -1,1}) 

TotHi{V<,j X [-1,1]) 



Toriri(F<,,) 

Torifi(X^J 

i 




,ToTH,{Vy,j X { -1,1}) 

TovHi{V>,j X [-1,1]) 



Toriri(F>,,) 

i 




In particular, Torffi(Xf^) ^ ToriJi(X^_^) as Z[t,t-^]-modu\e. This com- 
pletes the proof of Theorem 2.1.(1). 

Take y<.^ Vy,^ as in §4. Then there is an orientation preserving diffeomor- 
phism h : F<_j — > V>_^ with the following properties. 

(1) The following diagram is commutative 

\ / 

where \ and yare inclusion. 

(2) = 6|Tori/i(y<,,;Z) : Tori?i(y<,4;Z) ^ TorFi(y>,5; Z). 
Theorem 7.3 of [Farbcr ] and its proof essentially say that 
Torffi(y<,j;Z) ^ ToriJi(X^^; Z) and Tori?i(y>,j; Z) ^ Torffi (X^^ ; Z) 

are onto. Hence there are the following commutative diagram: 

Tori?i(F<,j;Z) Torffi(F>,j; Z) 

Torffi {X^^ ■ Z) "-^ TovH, {X^^ ; Z) 
We can define lk( , ) of -ftTj by using VJ^^ (jj =<, >). 

Let \ = a,b. Let x\ G Toriri(X^^ ; Z). Then there is x[ e Torifi(V<,j; Z) 
such that i<(x() = x\. Then (,> o /i(x() = c(x(). Therefore 
lk(a;a,a;6) for i4r< 

=lk(a;^,a;{,) for V'<^j (^<,J is defined for V<,j as in §4.) 
=\k{h{x'g), h{x[)) for V>^^ {y>,i is defined for y>_| as in §4.) 
=lk(i> o h{x'^), t> o /i(x'J) for ir> 
=lk(cK),c(4)) forK> 

Therefore the Farber-Levine pairing for coincides with that for . This 
completes the proof of Theorem 2.1.(2). 

We next prove Theorem 2.2. Let be a homomorphism Hi{X^; Z) Zd. 
We consider rj{K, u). Suppose K is ribbon-move equivalent to the trivial 2-knot. 
Take b and 7 as in §5. Then we have the following commutative diagram. 

Hi{X^;Z) ^ Zd 

Tio(7-i) y 

By Theorem 2.1.(1), iJi(Xf ; Z) ^ Z ... Z. Hence 
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Z©...©Z ^ Zd 

T(.o(7-i) 

By an elementary discussion on homomorphisms, we have: 

Z ^ Zd 

Tc / 

Hi(y^;Z) 

The above homomorphism Hi(V^; Z) — > Z is cahed (. Then 
u' o = V o io (7""'^) Then we can regard 
C eHoni(if 1 (14 ; Z) , Z) ^ if 1 ; Z) 

= {homotopy classes of maps V| — >■ -fl'(Z, 1)} 
I/' o C GHom(i?i(y5; Z), Zd) = Zd) 

= {homotopy classes of maps ^ K{Zd, 1)} 
The above diagram induces the following diagram. 

ir(Z,l) ^ A'(Zd,l) 

Tc / 
^« 

The above diagram induces the following homomorphism. 

By bordism theory Q^{K{Z, 1)) ^ n^{S^) ^ 0. Therefore [(^5, u' o C)] = 
Therefore {V^,i^' o C) = d{W,T) for a compact oriented 4-manifold W. Hence 
?j{V^,iy' o C) = j{aiW,T) - ct(W)). Hence ^^(Vj,!^' o C) e Z. Hence ?]{K,u) = 
n{rj{%, v' o Q) = 0. Therefore Theorem 2.2 holds. 
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Appendix 

The author gives a proof of the foUowing proposition. 

Proposition. Let X be an oriented compact (m + 2) -dimensional manifold. 
Let dX ^ (f>. Let M be an oriented closed m- dimensional manifold which is 
embedded in X . Let M n dX ^ <f). Let [M] = G Hm{X; Z). Then there is an 
oriented compact (m + I) -dimensional manifold P such that P is embedded in 
X and that dP ^ X. 

Proof. Let v be the normal bundle of M in X. By Theorem 2 in P.49 of Q is 
a product bundle. By using i/ and the collar neighborhood of dX in X, we can 
take a compact oriented (m + 2)-manifold N C X with the following properties. 

(1) iV ^ M X D^. (Hence ON = M x S^.) 

(2) NndX = (dN) n (dX) ^ M D dX. (Hence (IntiV) ndX = <l). ) 

Take X - (IntA^). (Note X - (IntA^) D There is a ceU decomposition: 

X - (IntiV) 

= {dN) U {^X)\^ (1-cells e^)\J (2-cells e^)ys (3-cells e^)\J (one 4-cen e"*). 
We can suppose that this decomposition has only one 0-cell e'' which is in 
(dN) n {dX). 

There is a continuous map sq : (dX) U (dX) — *■ with the following prop- 
erties, where p is a point in . 

(1) So(5X) = p. (Hence s^{(dN) n [dX)) = p and so(eO) = p. ) 

(2) soloA' : M X 5^ ^ 5^ is a projection map (a;,y) ^ y. 

Let Sj, be a fiber of the S-i-fiber bundle dN = M x S\ Since [M] = e 
iJ„(X; Z), [5]^] generates Z C iJi(X-Int N, dX; Z). (We can prove as in the 
proof of Theorem 3 in P.50 of § ) 

Let f : Hi{X - IntN, dX\ Z) ^ Hi{X - IntTV, dX; Z)/Tor be the natural 
projection map. Let {f([S]p\), ui, Uk} be a set of basis of 
Hi{X — IntA'^, dX\ Z)/Tor. Take a continuous map 

si : (pN) U (aX)U(l-cells e^) ^ 5^ 

with the following properties. 

(1) si|(aAr)u(aj>s:) = so 

(2) sileOuei : U ^ S*^ satisfies the following condition: If /([e" U e"'^]) = 
no • + S^^^i^j • e i?i(X - IntA^, dX; Z)/Tor (n, G Z), 

then deg(si leOuei ) = n^. 

Note that, if a circle C is nul-homologous in [dN) U (9X)U(l-cells e^), then 
deg(silc) = 0. 

Claim. There is a continuous map 

S2 : (ON) U {dX)U(l-cells e^)U(2-cells e^) 

such that S2\[0N)\j[dX)yj(l-cc\\a el) 

Proof. It is trivial that [de^] = G Hi{{dN) U ((9X)U(l-cells ei);Z). Hence 
deg(si|ae2) is zero. Hence sil^e^ extends to e^. Hence the above Claim holds. 

The continuous map S2 extends to a continuous map s : X — (IntA'^) — > 
since ni{S^) — 0{l > 2). We can suppose s is a smooth map. 

Let q p. Let g be a regular value. Hence s^^{q) be an oriented compact 
manifold. d{s-'^{q)} C {(dN) U dX}. Since q p, s'^iq) n dX ^ (/>. Hence 
9{s^^(q)} C dN. Furthermore we have s~^(q) n dN — d{s^^{q)} = M x {r}, 
where r is a point in S^. By using N and s~^(g). Proposition holds. 
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